Recent concerns about the very large next-to-leading logarithmic (NLL) corrections to the BFKL equation are addressed by the introduction of a physical rapidity-separation parameter ∆. At the leading logarithm (LL) this parameter enforces the constraint that successive emitted gluons have a minimum separation in rapidity, y i+1 − y i > ∆. The most significant effect is to reduce the BFKL Pomeron intercept from the standard result as ∆ is increased from 0 (standard BFKL). At NLL this ∆-dependence is compensated by a modification of the BFKL kernel, such that the total dependence on ∆ is formally next-to-next-to-leading logarithmic. In this formulation, as long as ∆ > ∼ 2.2 (for α s = 0.15): (i) the NLL BFKL pomeron intercept is stable with respect to variations of ∆, and (ii) the NLL correction is small compared to the LL result. Implications for the applicability of the BFKL resummation to phenomenology are considered.
Introduction
Recently, the long-awaited next-to-leading-logarithmic (NLL) corrections to the BalitskyFadin-Kuraev-Lipatov (BFKL) equation [1] - [3] have been completed [4, 5] 1 . The BFKL equation is used to resum the large logarithms in Quantum Chromodynamics (QCD) of the type ln(ŝ/|t|), whereŝ is the center-of-mass energy-squared of the partonic scattering process andt is of the order of the momentum transfer in the process. The most obvious result of this NLL calculation is the correction to the "BFKL Pomeron" intercept ω P , which describes the rise of the total cross section withŝ. The asymptotic form of the high-energy partonic cross section predicted by the leading-logarithmic (LL) BFKL resummation isσ
where
with N c = 3 the number of colors. At NLL one obtains the O(α 2 s ) correction to ω P − 1. Unfortunately, the NLL correction to this parameter is large and negative [4, 5] . In addition the saddle-point approximation, which was used to obtain the asymptotic form of equation (1) at LL, gives a cross section which is no longer strictly positive-definite at NLL [17] . These and other problems have led some researchers to call into question the reliability of the NLL BFKL resummation for phenomenological applications [18, 19] . At the very least one would like to know what is the meaning of these large NLL corrections. Can one understand them and can one control them?
On inspection, the NLL BFKL equation and solution as presented by Fadin and Lipatov appear to be free of any arbitrary parameters. Let us compare this with another logarithmic resummation, that of a fixed-order perturbative cross section, using a running coupling in the MS scheme. At the Born-level one calculates the cross section with the running coupling evaluated to LL accuracy. This cross section depends on an arbitrary parameter µ, the scale of the running coupling, which determines the size of the resummed logarithm and is usually chosen to be of the order of some relevant scale in the scattering process. At next-to-leading order (NLO) in the matrix element calculation, one uses the NLL calculation of the running coupling, and the dependence on µ cancels effectively to one higher order in the perturbation expansion. Thus, if all is well, the dependence on 1 µ is reduced in the NLO calculation. In fact, the dependence on this parameter is often interpreted as an estimate of the theoretical uncertainty due to higher order corrections.
This leads one to ponder whether there might be a similar arbitrary-parameter dependence hidden in the BFKL resummation. Here the large logarithms that are being resummed arise from the integration over the rapidities of the real and virtual gluons in the squared amplitude. To LL accuracy, the exact range of these rapidity integrations is not precisely defined. One could reduce the range of integration by a small amount and still be within the validity of the LL approximation. The excluded rapidity range will then resurface as part of the NLL correction, and the dependence on this separation between LL and NLL should vanish, up to contributions which are formally next-to-nextto-leading-logarithmic (NNLL).
With this in mind we consider a modification of the BFKL equation, where the integration over gluon rapidities y i is subject to the constraint that y i+1 − y i > ∆, with the parameter ∆ assumed to be much less than the total rapidity interval 2 . This reduces to the standard BFKL equation for ∆ = 0. There are several reasons why a nonzero value of ∆ might be preferable. First, in the derivation of the LL BFKL equation the assumption of multi-Regge kinematics was used in extracting the BFKL amplitudes. That is, contributions which are formally O(e −|y i −y j | ) are neglected in the amplitudes. Thus, the region y i+1 ∼ y i is precisely the region where this approximation is worst. It makes sense to shift these regions of integration over rapidity into the NLL corrections where the assumption of multi-Regge kinematics is relaxed. Second, in certain processes such as dijet production at hadron colliders the BFKL calculations greatly overestimate the cross section due to the lack of energy-longitudinal momentum conservation at LL [22, 23] . By keeping the gluons away from the ends of the rapidity interval, one can reduce this effect. Again, at NLL these regions of the rapidity integration would be added back in, but with energy-longitudinal momentum conservation preserved for the first gluon in the ladder. Finally, we note that the large negative NLL corrections suggest that the LL prediction should be reduced, which naturally occurs for ∆ > 0.
In the remainder of this paper we explore the consequences of this modification of the BFKL equation. In section 2 we solve the BFKL equation with the constraint on the rapidity separation at LL and show how this affects the LL prediction for the BFKL Pomeron intercept. In section 3 we show how the constraint on the rapidity separation in the BFKL equation is translated into a modification of the small-x resummation of the gluon-gluon splitting functions. In section 4 we consider the constrained BFKL equation at NLL. Using the fact that the exact high-energy cross section should have no dependence on the arbitrary parameter ∆, we can obtain the ∆-dependence of the NLL BFKL kernel. This result is then combined with the standard NLL corrections to obtain the NLL prediction for the BFKL Pomeron intercept as a function of the parameter ∆. Finally, in section 5 we discuss the phenomenological consequences of our results, and we present our conclusions.
BFKL Equation with Constraint on Rapidity Separations
In order to be precise, throughout this paper we use the term rapidity to mean the physical rapidity, defined by
Thus, in the multi-Regge kinematics, which presumes that the produced gluons are strongly ordered in rapidity and have comparable transverse momenta,
the rapidity intervals are given by
In these equations, the k i⊥ are the transverse momenta of the emitted gluons, the q i⊥ are the transverse momenta of the reggeized gluons exchanged in the t-channel, and
A typical diagram which is used to build the BFKL ladder at LL is shown in figure 1 .
We now consider the modified BFKL equation at LL, given by 
The function f (y ab , q a⊥ , q b⊥ ) is the BFKL Green's function which describes the flow of transverse momentum from q b⊥ to q a⊥ by the emission of real and virtual gluons along the rapidity interval y ab = y a −y b . The ∆-dependence in this equation just enforces the constraint y i+1 − y i > ∆ for each successive emitted gluon in the ladder. To be consistent, the constraint is applied to the integrals in rapidity which are associated with both the real and virtual gluons. For ∆ = 0 this equation just reduces to the standard BFKL equation, but eq. (6) gives an equally valid LL resummation for any ∆ ≪ y ab .
We can easily solve eq. (6) in the same manner as the original BFKL solution. First, perform a Mellin transform on this equation, defining
This gives the equation
The integral operator over the transverse momentum space has the same eigenfunctions and eigenvalues as the original BFKL equation, so we can immediately write down the solution to this equation:
where φ = φ a − φ b and the eigenvalue of the integral operator is
where ψ is the logarithmic derivative of the gamma function.
By performing the inverse Mellin transform, we obtain the BFKL Green's function as a function of the rapidity interval y:
whereω(n, ν) is a solution of the equation [20, 21] 
It is an interesting exercise to expand the equation (11) order-by-order as a power series inᾱ s . This is done using the formula:
The factor [y − (m + 1)∆] m /m! in (13) is exactly the phase space in rapidity for m intermediate gluons, subject to the constraint y i+1 − y i > ∆. In fact, for a given rapidity interval y the series should actually be truncated at the largest value of m for which [y − (m + 1)∆] > 0, because one cannot put any more gluons in the rapidity interval and still obey the constraint. However, we also note that the power series converges only asymptotically to the analytic expression on the left-hand side of (13) , and the best approximation is obtained by the truncated series. Thus, as y/∆ is increased, the analytic solution and the truncated series become arbitrarily close.
For asymptotically-large y we can perform the integration over ν in eq. (11) using the saddle-point approximation. The eigenvalueω(n, ν) is largest for n = 0 and is strongly peaked near ν = 0. Thus, we may keep only the first term in the Fourier series in φ, and we can expandω
The coefficientsÃ andB are related to the standard BFKL saddle-point coefficients,
as solutions to the equationsÃ = Ae Table 1 : BFKL Pomeron interceptÃ = ω P − 1 at LL for several values of rapidityseparation parameter ∆, with α s = 0.15.
Evaluating the integral over ν in the saddle-point approximation gives
Using the relation y = ln(ŝ/|q a⊥ ||q b⊥ |), we recognize that the quantityÃ is related to the BFKL Pomeron intercept (Ã = ω P − 1). For ∆ ≥ 0 it is bounded by 0 <Ã ≤ A. In table 1 we give the magnitude ofÃ for several representative values of the rapidityseparation parameter ∆ with α s = 0.15. For ∆ = 2, the prediction forÃ is reduced substantially, from 0.397 to 0.244. Recall that any of these predictions are equally valid in the LL approximation, assuming that y ≫ ∆.
∆-dependent Gluon Anomalous Dimension
We can use eqs. (9) and (11) to obtain the gluon-gluon splitting function at small x by introducing a k ⊥ -dependent gluon distribution function F (x, k ⊥ ), which is related to the standard gluon distribution function g(x, M 2 ) via
where M is the factorization scale 3 . The function F (x, k ⊥ ) satisfies the inhomogeneous BFKL equation, so that it has a general solution of the form
where F 0 (z, q ⊥ ) can be considered a "bare" gluon distribution and q ⊥ is used as an infrared cutoff. The splitting function can then be obtained by taking the derivative ∂g(x, M 2 )/∂ ln M 2 . In practice, it is more convenient to work with the moments of these equations to obtain the gluon-operator anomalous dimension, which is related to the gluon-gluon splitting function by
Following this line of argument, we obtain the anomalous dimension as the implicit solution to the equation [20] α s e
In order to interpret the ∆-dependence of eq. (22), it is useful to solve it as a power series inᾱ s and then transform back to x-space. The power series takes the form
where C 0 = 1, C 1 = C 2 = 0, C 3 = 2ζ(3), etc. As in the last section we see that this expansion is an asymptotic series, which can be best approximated by truncating at the largest value of m for which [ln 1/x − (m + 1)∆] > 0. The zeroth term in the expansion just corresponds to the standard double-logarithmic scaling of the DGLAP equation [25] . Thus, to see any effects of the resummation beyond double-logarithmic scaling, this expansion suggests that we must at the very least require
This requirement is fairly strong, because the first nonzero correction occurs at α 3 s . For ∆ = 1 and ∆ = 2, this gives x < ∼ 2 × 10 −2 and x < ∼ 3 × 10 −4 , respectively, before one would expect to see some deviation from double-logarithmic scaling at small x.
Modified BFKL Equation at NLL
As seen in the last two sections, the effects of the BFKL resummation can depend strongly on the rapidity-separation parameter ∆, even though the dependence is formally NLL. Furthermore, we argued in the introduction that a nonzero value of ∆ seems appropriate, although it is not obvious what is the best choice for this parameter. Thus, we need to consider how to perform a NLL calculation, while retaining the dependence on ∆. In this section we show how to obtain the ∆-dependence of the NLL kernel, and we explore its consequences.
The generalization of the ∆-dependent BFKL equation takes the form
where K ∆ , which depends on ∆, is an integral operator acting on the transverse momentum q a⊥ . This operator can be expanded as a power series inᾱ s :
where the first term K (1) , which gives the LL equation, is ∆-independent. It can be read directly off of eq. (6), yielding (27) for any function f (q ⊥ ).
The second term K (2) in eq. (26) contains the NLL corrections to the BFKL kernel, and in the present formulation it will depend on the parameter ∆. The ∆-dependence of this term can be found by the requirement that the total dependence on ∆ of the high energy cross section must vanish up to NNLL terms. That is, if we expand the hard cross section for scattering of partons i and j,
in powers of α s , the coefficients of all terms of the form α b+1 s (α s y) n should be independent of ∆, where the Born term is O(α b s ). In this equation the quantities V i (q ⊥ ) are the impact factors, which can also be expanded in a power series inᾱ s :
The condition for ∆-independence of the cross section (28) to NLL is now obtained by inserting the iterated solution to (25) in (28), using (26) and (29), and requiring that 8 the coefficients of the terms of the form α b+1 s (α s y) n are independent of ∆. We find that the NLL kernel must be of the form
where the first term is the ∆-independent BFKL kernel given in Ref. [4] , and all of the ∆-dependence is in the second term. Similarly, the NLL impact factors are of the form
The virtual correction component of these results, (30) and (31), can also be obtained by considering the ∆-dependent modification of the gluon-reggeization prescription, as discussed in the appendix.
At this stage we follow the lead of Ref. [4] and consider the action of the NLL kernel on the LL eigenfunctions, which have been modified so that the eigenvalue is symmetric in ν. Specifically, we apply the operator (26) to the n = 0 eigenfunction, which dominates at high-energy and gives the contribution to the total cross section. We find
In this equation ω (0) (ν) is the LL eigenvalue with running coupling:
while the functionc(γ) contains the ∆-independent NLL corrections to the eigenfunction. The exact expression forc(γ) can be obtained from the function c(γ) in Ref. [4] by removing the terms antisymmetric in ν. The last term in (33) is the modification of the NLL eigenfunction due to the rapidity-separation constraint.
We now consider the solution of the modified BFKL equation at NLL. For simplicity we will ignore the effects of the running coupling 4 . Then, following the same procedure as in section 2, one obtains the BFKL Green's function solution (11) as an integral over ν with the coefficient of the rapidity in the exponent given by the implicit solution tõ
The saddle-point approximation to the integral (11) is determined in terms of the expansion ofω(ν) around ν = 0:
where the coefficientsÃ andB are related to the equivalent coefficients A and B in the expansion of ω(ν) byÃ = Ae
The 
for three active flavors.
The coefficientÃ is related to the BFKL Pomeron intercept byÃ = ω P − 1. In figure  2 we plot both the LL and the NLL predictions forÃ as a function of ∆ for α s = 0.15. We note that, although the NLL corrections toÃ are large for ∆ = 0, they are not large for ∆ > ∼ 2 and they vanish for ∆ = 2.4. Furthermore, the dependence of the NLL solution on ∆ is very weak for ∆ > ∼ 2. In figure 3 we plot the coefficientB at LL and NLL as a function of ∆ for α s = 0.15. At ∆ = 0 it is negative indicating that the standard BFKL eigenvalue has a minimum at ν = 0 rather than a maximum [17] . It has been suggested that this leads to disastrous consequences such as oscillations in the cross section [18] . At the very least it shows that the interpretation ofÃ as the Pomeron intercept ω P − 1 is invalid at ∆ = 0. However, for ∆ > ∼ 2.2 the coefficientB becomes positive again, so the modified solution does have a maximum at ν = 0, and we can again identifyÃ with the BFKL Pomeron intercept. This suggests that a value of the rapidity-separation parameter of ∆ > ∼ 2.2 is more natural than the standard choice of ∆ = 0. On this basis, we estimate the value of the NLL BFKL Pomeron intercept to be between 0.22 and 0.25 for α s = 0.15. In this paper we have considered the modification of the BFKL resummation by requiring that the rapidities of successively emitted gluons must satisfy the constraint y i+1 −y i > ∆. The inclusion of an arbitrary "renormalization" constant, such as ∆, in the BFKL resummation is a natural thing to do, because in such a resummation of large logarithms one can always redefine the energy scale in the logarithm. The particular implementation of this arbitrary constant (the "renormalization scheme") as a constraint on the rapidity separations is nice because it has an obvious physical interpretation. Using this interpretation, we have argued and we have seen through specific calculations that the choice of ∆ = 0 is not the best choice for performing the resummation. This is analogous to performing a fixed-order calculation using an inappropriate choice of the ultraviolet renormalization scale µ. The next-to-leading corrections are large, not because the perturbative calculation is inherently bad, but because one has simply made a poor choice of scale.
We have shown how to consistently include the rapidity-separation constraint, both at LL and at NLL. At LL we find that the prediction for the BFKL Pomeron intercept decreases monotonically as ∆ increases, while at NLL it increases rapidly from ∆ = 0 and then becomes quite insensitive to ∆ for ∆ > ∼ 2 and α s = 0.15. Furthermore, the NLL corrections are relatively small compared to the LL prediction for ∆ > ∼ 2. We have also seen that the eigenvalue has a maximum at ν = 0 as long as ∆ > ∼ 2.2, so that the bad behavior seen in the saddle-point approximation is no longer a problem. It is interesting to note that our results for large ∆ are in reasonable agreement with the results of Ref. [28] , which addresses the question of the large NLL corrections by resumming double logarithms in transverse momenta. Presumably, the same sort of correlation effects are being included by the two very different approaches.
In conclusion, we believe that for a reasonable range of the rapidity-separation parameter ∆ the modified BFKL formalism is a theoretically consistent and stable resummation of the perturbation series in α s at high-enough energies. However, the phenomenological usefulness of this resummation is still an open question. If we assume that ∆ > 2 is required to consistently use the modified-BFKL resummation, then one should not expect to see significant deviations from double-logarithmic scaling at small-x in the gluon-gluon splitting functions at least until x < ∼ 3 × 10 −4 . Similarly, equation (13) suggests that in large-rapidity dijet production one needs rapidity intervals of y > ∼ 4 before the BFKL formalism would begin to be applicable 5 . Certainly, more detailed phenomenological study, using the insights gained from the NLL corrections, is needed in order to assess the importance of BFKL to experiment.
Using the modified form of the reggeized gluon in a 2 → n partons high-energy amplitude and expanding to one-loop order, as done in Refs. [12, 14] , one also directly obtains
and
The equations (51), (52), and (53) are just the virtual-correction components of equations (30) and (31).
